Abstract. We prove that the asymptotic completion of a developable Möbius strip in Euclidean three-space must have at least one singular point other than cuspidal edge singularities. Moreover, if the strip contains a closed geodesic, then the number of such singular points is at least three. These lower bounds are both sharp.
Introduction
Let U be an open domain in Euclidean two-space R 2 and f : U −→ R 3 a C ∞ map. A point p ∈ U is called a singular point of f if the Jacobi matrix of f is of rank less than 2 at p. It is well-known that complete and flat (i.e. zero Gaussian curvature) surfaces immersed in R 3 are cylindrical. This fact implies that the 'asymptotic completion' (see Definition 2.1) of a developable Möbius strip (i.e. a flat ruled Möbius strip) must have singular points. Since the most generic singular points appeared on developable surfaces are cuspidal edge singularities (cf. [4, 5] ), we are interesting how often singular points other than cuspidal edge singularities appear on the asymptotic completion of a developable Möbius strip. (IzumiyaTakeuchi [5] is a nice reference for singularities of ruled surfaces or developable surfaces. ) Recently, global properties of flat surfaces with singularities in R 3 were investigated in Murata-Umehara [9] . They defined 'completeness' for flat fronts (cf. [9, Definition 0.2] ) and proved that a complete flat front with embedded ends has at least four singular points other than cuspidal edge singularities if the front has singular points. However, we cannot apply this result, since complete flat fronts are all orientable (cf. [9, Theorem A] ). Therefore, it is interesting to determine lower bounds on the number of non-cuspidal-edge singular points on developable Möbius strips. We show the following:
Proposition. The asymptotic completion of a developable Möbius strip has at least one singular point other than cuspidal edge singularities.
In fact, there are many developable Möbius strips. Chicone-Kalton [2] constructed a developable Möbius strip on each generic closed regular curve in R 3 . The topological types of Möbius strips are determined by the isotopy types of their generating curves and Möbius twisting numbers. Røgen [11] showed that there exists a developable Möbius strip of an arbitrarily given topological type.
A developable Möbius strip which contains a closed geodesic is called a rectifying Möbius strip. Roughly speaking, a rectifying strip can be constructed from an isometric deformation of a rectangular domain on a plane (cf. [8, Proposition 2.14]). We also show the following assertion.
Theorem. The asymptotic completion of a rectifying Möbius strip has at least three singular points other than cuspidal edge singularities.
The first explicit construction of a rectifying Möbius strip in R 3 was given by Wunderlich [13] . Recently, Kurono-Umehara [8] proved that there exists a rectifying Möbius strip which is isotopic to any given Möbius strip. See Sabitov [12] for other references and the history.
Singularities of developable Möbius strips
First, we define several terminologies.
We fix such a periodic regular curve γ. An R 3 -valued vector field ξ along γ is called l-odd-periodic if it satisfies ξ(s + l) = −ξ(s) for s ∈ R. We also fix such a
is called a ruled Möbius strip if γ ′ (s) and ξ(s) are linearly independent for each s ∈ R, where ǫ > 0 is taken to be sufficiently small. In this situation, γ is called the generating curve of F and ξ is called the ruling vector field of F . Definition 2.1. Let F (s, u) be a ruled Möbius strip as in (2.1). Then a C ∞ map
is called the asymptotic completion (or a-completion) of F .
Then f 1 is said to be right-left equivalent to f 2 if there exist two diffeomorphisms ϕ : R 2 −→ R 2 and Φ :
We set Figures 1 and 2 , respectively). A C ∞ map which is right-left equivalent to the map germ f C (resp. f S ) is called a cuspidal edge (resp. a swallowtail ). We recall the criteria for cuspidal edges and swallowtails as in [7] :
is the unit sphere) such that ν(p) is perpendicular to df (T p U ) for p ∈ U , where df is the differential of f and T p U is the tangent space at p to U . Such a map ν is called a unit normal vector field
does not vanish at p, where f u := ∂f /∂u and f v := ∂f /∂v. If a singular point p is non-degenerate, the singular set of f is a regular curve near p on U . This regular curve c(s) is called the singular curve of f , and a tangent vector to c is called a singular direction of f . Moreover, a nonzero vector η ∈ T c(s) U satisfying df (η) = 0 is called a null direction of f . We can take such η(s) as a C ∞ vector field along c(s) near p, and the C ∞ vector field η(s) is called a null vector field of f .
3 be a wave front. We denote by c(s) the singular curve near a non-degenerate singular point p ∈ U of f such that c(0) = p, and by η(s) a null vector field along c(s). We set ρ := det(c ′ , η). Then Cuspidal edges and swallowtails are wave fronts as C ∞ map germs. It should be remarked that criteria for cuspidal edges and swallowtails of developable surfaces have been given in [5, Theorem 3.7] . One can apply the criteria instead of those in Fact 2.4.
Next, we consider the a-completion of a ruled Möbius strip F (s, u) = γ(s)+uξ(s) with singularities. By a suitable change of parameters, we may assume that s is an arc-length parameter of γ and ξ(s) is a unit vector for s ∈ R.
Lemma 2.5. Let F (s, u) = γ(s) + uξ(s) be a ruled Möbius strip where s is arclength and ξ(s) is a unit vector for s ∈ R. Then
where the dot ' ·' is the inner product and the cross ' ×' is the vector product in R 3 .
Proof. Since F s = γ ′ + uξ ′ and F u = ξ, this assertion is obvious when ξ ′ (s) = 0. So we assume ξ ′ (s) = 0, and then
we get the conclusion.
The equation det(γ ′ , ξ, ξ ′ ) = 0 is a necessary and sufficient condition of flatness of ruled Möbius strips. Hence, if F is developable, the
gives a unit normal vector field along F (s, u), so F is a frontal. Since ν does not depend on u when F is developable, we regard as ν(s) = ν(s, u) and denote ν ′ = ν s . Let '∼' be the equivalence relation which regards two points (s, u) and (s+l, −u) as the same point in R 2 , where l is the period of the closed curve γ(s). We set
Proof. We set λ := det(F s , F u , ν). Since the singular points of F do not appear on asymptotic lines u → (s 1 , u) for
by flatness of F and Lemma 2.5, we obtain (ii). Let (s 0 , u 0 ) be a singular point. Since
Since ξ is not a constant vector field, there exists a point s ∈ R such that ξ ′ (s) = 0. Therefore, the singular set S(F ) is not empty. The following lemma gives a proof of the proposition in the introduction. Lemma 2.7. Let F (s, u) = γ(s) + uξ(s) be a developable Möbius strip. The acompletion of F has at least one singular point other than cuspidal edge singularities on each connected component of S(F ). In particular, the a-completion of F has at least one singular point other than cuspidal edge singularities.
Proof. We remark that there exists a point s ∈ R such that ξ
is an odd-periodic function. Let {(s, u(s))} s∈R be the graph of the singular curve of F in the (s, u)-plane, and let {(s, u(s))} s1<s<s2 be a connected component of S(F ). Then, the two points s 1 and s 2 satisfy ξ
where ց and ր mean approaching from above and below, respectively. Then, the function
This implies that P (s) attains a minimum at a point s = s 0 . Let ρ(s) be the determinant of the 2 × 2 matrix consisting of the two vectors for the singular direction and null direction of F . Then, the function ρ(s) = −u ′ (s) − γ ′ (s) · ξ(s) = P ′ (s) vanishes at s = s 0 . By Fact 2.4, the singular point (s 0 , u(s 0 )) is not a cuspidal edge singularity. The case γ ′ · ξ ′ < 0 is similar.
Remark 2.8. Lemmas 2.6 and 2.7 also imply that the number of non-cuspidaledge singular points on the a-completion of a developable Möbius strip is greater than or equal to the number of connected components of the zero set of ξ ′ , if these numbers are finite.
We close this section with an example having only one singular point other than cuspidal edge singularities. This implies that the proposition gives the sharpest lower bound. where e is the unit tangent vector field, n is the normal vector field and b is the binormal vector field of γ. Moreover, τ is the torsion function of γ and
We remark that p(s) and ξ(s) are both smooth at s = 0, π. Since det(γ ′ , ξ, ξ ′ ) = 0, the map F (s, u) = γ(s) + uξ(s) is a developable Möbius strip (See Figure 3) . The generating curve γ(s) can be expressed by a rational function; if x(s) := tan(s/2) for −π < s < π, then we have
We setξ (x) := ξ(s)/cos(s/2) =p(x)e(x) + n(x) + xb(x). Thenp(x) is a C ∞ function. Let ρ(x) be the determinant of the 2 × 2 matrix consisting of the two vectors for the singular direction and null direction of F (x, v) = γ(x) + vξ(x). We obtain 
The proof of the theorem in the introduction

Let F (s, u) = γ(s) + uξ(s) be a rectifying Möbius strip (See the introduction).
Suppose that s is an arc-length parameter of γ. Then, γ(s) and ξ(s) satisfy
for s ∈ R, since γ(s) is a geodesic. We normalize the ruling vector ξ(s) for each s ∈ R such that the projection of ξ(s) into the rectifying plane at the point γ(s) is a unit vector, where the rectifying plane is a plane perpendicular to e(s) = γ ′ (s). Then, ξ can be expressed by
when κ is nonzero, where κ is the curvature function, τ is the torsion function and {e, n, b} is the Frenet frame of γ. This vector field D is called the normalized Darboux vector field of γ. The ratio σ := τ /κ is called the conical curvature of γ (cf. Heil [3] ).
Remark 3.1. In [4] , D is called the modified Darboux vector along γ. Moreover, the criteria of cuspidal edges and swallowtails on the rectifying developable surfaces associated to γ are given in terms of conical curvature σ = τ /κ. For example, (s 0 , u 0 ) is a non-cuspidal-edge singularity of F (s, u) = γ(s) + uD(s) if and only if
We recall the following facts in order to explain properties of the conical curvature of a regular space curve. A C ∞ function g = g(s) : I −→ R is said to be strictly increasing (resp. monotonically increasing in the wider sense) if g ′ (s) > 0 (resp. g ′ (s) ≥ 0) for s ∈ I. A regular spherical curve α = α(s) : I −→ S 2 is called an honestly positive spiral (resp. positive spiral ) if the geodesic curvature function of α is strictly increasing (resp. monotonically increasing in the wider sense). 3 ([6, 10] ). Let α = α(s) : I −→ S 2 be a honestly positive spiral (resp. positive spiral). We denote by C(s) ⊂ S 2 the osculating circle of α at s ∈ I and assign C(s) the orientation compatible with that of α(s) for each s ∈ I. Let D(s) be the left-hand domain of C(s). Then,
We return to the initial settings in this section. The Frenet frame of γ(s) cannot be defined if κ(s) = 0. However, we can construct an 'extended' Frenet frame defined on R by using the ruling vector field ξ(s). We set
These vector fields and functions are of class C ∞ . Then {e,n,b} satisfies
Therefore, we have κ = |κ|. Moreover, if κ(s) = 0, then
where ǫ :=κ(s)/κ(s) (= ±1). The functionτ (s) is exactly equal to τ (s) if κ(s) = 0. We can express the ruling vector field of F by ξ =σe +b.
Since det(e, ξ, ξ ′ ) = 0, we haveτ =σκ. Therefore, we regardn,b,κ,τ andσ as smooth extensions of n, b, κ, τ and σ, respectively. We set K + := {s ∈ R ;κ(s) > 0},K 0 := {s ∈ R ;κ(s) = 0},K − := {s ∈ R ;κ(s) < 0}.
We regard e = γ ′ as a closed curve in S 2 . The spherical curve e has singular points at zeros of κ. For each s ∈ R,n(s) andb(s) can be regarded as a unit tangent vector and a unit conormal vector of the spherical curve e(s), respectively. In particular, {n,b, e} gives a smooth positive orthonormal frame along e. Sinceσ is of class C ∞ , we can smoothly extend to R the osculating circle C(s) ⊂ S 2 of e(s). In fact, the extended osculating circleĈ(s) can be canonically defined by a circle on S 2 which passes e(s) and whose center is
where exp p : T p S 2 −→ S 2 is the exponential map at a point p ∈ S 2 . We assignĈ(s) the orientation compatible with the direction ofn(s). If s ∈K + (resp.K − ), then the orientation ofĈ(s) is equal (resp. opposite) to that of C(s). LetD(s) be the left-hand domain ofĈ(s). Since ξ ′ =σ ′ e, by Remark 2.8, it is sufficient to show that the number of the connected components of the zero point set ofσ ′ (s) is at least three. We suppose that the number of locally maximal or locally minimal points of the odd-periodic functionσ is only one. We may assume that s = 0 is the locally minimal point.
Thenσ is a monotonic increasing function in the wider sense on the closed interval [0, l], where l is the period of γ(s). The restriction of the spherical curve e to each connected component ofK + (resp.K − ) is a positive (resp. negative) spiral. If we take two points s 1 and s 2 satisfying s 1 < s 2 in each connected component of D(0) . On the other hand, the orientation of C(l) is opposite to that of C(0), sincen is odd-periodic. Hence, D(0) ∩ D(l) is empty. However, since D(l) is not empty, this is a contradiction. Sinceσ is odd-periodic,σ must have at least three locally minimal or locally maximal points. Then, by Remark 2.8, we obtain the theorem in the introduction. Moreover, the null vector field of F is ∂/∂s. We denote by ρ(s) the determinant of the 2 × 2 matrix consisting of the two vectors for the singular direction and null 2 , where a(s), b(s), Q(s) are certain polynomials which have only even-dimensional terms and a(s), b(s) > 0. It can be rigorously checked that the polynomial Q(s) has just two roots by Sturm's theorem. Moreover, we have ρ(s) → 0 (s → ∞), so ρ(s) has three zeros including s = ∞. On the other hand, since ν(s, u) :=n(s) is a unit normal vector field along F , the C ∞ map L = (F, ν) is not immersed only at (s, u) = (0, u(0)). Then, F has exactly three non-cuspidal-edge singular points by Fact 2.4. We remark that the singularity at (s, u) = (0, u(0)) is a shape like an open swallowtail (See Figure 4) . The other two non-cuspidal-edge singularities are both swallowtails.
